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Figure 1 HcIatioTi uf *K* external form of crystals to the form of tl«e elementary building blocks. 
The building blocks arc identical in (a) and (b). but different crystal faces i^re developed, (c) Cleav- 
ing a crystal of lOcksalt. 
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Lattice Translation Vectors 

The lattice is defined by three fundamental translation vectors aj, a 3 
such that the atomic arrangement looks the same in every respect when viewed 
from the point r as when viewed from the point 

,.' s r W| a, + u 2 ao + u 3 a.i , (D 
where » b u 3 are arbitrary integers. The set of points r' defined by (1) for all 
«i, u Zx U3 defines a lattice. 

A lattice is a regular periodic array of points in space- (The analog in two 
dimensions is called a net, as in Chapter 18.) A. lattice is a mathematical abstrac- 
tion; the crystal structure is formed when a basis of atoms is attached identically 
to every lattice point. The logical relation is 

lattice '+ basis = crystal structure (2) 
The lattice and the translation vectors a 2f a 0 are said to be primitive if 
any two points r, r' from which the atomic arrangement looks the same always 
satisfy (1) with a suitable choice of the integers u lt u 2 , u 3 . With this definition of 
the primitive translation vectors, there is no cell of smaller volume that can 
.serve as a building block for the crystal structure. 

We often use primitive translation vectors to define the crystal axes. How- 
ever, nonprimitive crystal axes are often used when they have a simpler rela- 
tion to the symmetry of the structure. The ciystal axes a 1? a 2 , a 3 form three 
adjacent edges of a parallelepiped. If there are lattice points only at the corners., 
then it is a primitive parallelepiped. 

A lattice translation operation is defined as the displacement of a crystal by 
a crystal translation vector 

T - Uiai "+ ti 2 ^2 + U 'S*2, ■ 
Any two lattice points arc connected by a vector of this form. 

To describe a crystal structure, there are three important questions to 
answer: What is the lattice? What choice of a L , a*, a 3 do we wish to make? What 
is the basis? 

More than one lattice is always possible for a given structure, and more 
than one set of axes is always possible for a given lattice. The basis is identified 
once these choices have been made. Everything (including the x-ray diffraction 
pattern) works out correctly in the end provided that (3) has been satisfied. 

The symmetry operations of a crystal cany the crystal structure into itself 
These include the lattice translation operations. Further, there arc rotation and 
reflection operations, called point operations. About lattice points or certain 
special points within an elementary paralldpiped it may be possible to apply 
rotations ai-d reflections that carry the crystal into itself. 

Finally , , there may exist compound operations made up of combined trans- 
lation and point operations. Textbooks on crystallography are largely devoted to 
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Figure 4 The crystal structure is formed 
by the addition of the basis (b) to et/ery 
lattice point of the lattice fa). By looking at 
(c), you can recognize the basis and then 
you can ubstract the space lattice- It docs 
not matter where the basis is put in rela- 
tion to a lattice point. 



The number of atoms in the basis may be one, or it may be more than one. 
The position of the center of an atom j of the basis relative to the associated 
lattice point is 

(4) 

We may arrange the origin, which vvc have called the associated lattice point, so 
that 0 < x Jt ijj. Zj =5 L 



Primitive Lattice Cell 

The parallelepiped defined by primitive axes a ls a 2 , a 3 is called a primitive 
cell (Fig, 5b). A primitive cell is a type of cell or unit cell, ffhc adjective unit is 
superfluous and not needed.) A cell will fill all space by the repetition of suita- 
ble crystal translation operations. A primitive cell is a minim urn- volume cell. 

There are many ways of choosing the primitive axes and primitive cell for a 
given lattice. The number of atoms in a primitive eel) or primitive basis is 
always the same for a given crystal structure. 
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The volume of a parallelepiped with axes ... a 2 , a 3 is 

y <- = |a, -a 2 x a 3 | , ^ 

contains N ° baS ' S c<mtain5 ^ *">™ than a primitive basis 




Figure 6 A primitive ceU m;<y .nlso bo chosen fallow- 
ing this procedure: (1) draw Hues to connect a given 
lattice point rc> all nearby lattice points; (2) at the 
midpoint and normal to these lines, draw new lines 
or planes- The smallest volume enclosed in this way 
is the Wigncr-Seit?. primitive cell. All .space may be 
Oiled by these cells, just as by the cells of Fip. 5 



Another way of choosing a primitive ceil is shown in Fig. 6. This is known 
to physicists as a Wigner-Settz eel) 

FUNDAMENTAL TYPES OF LATTICES 

Crystal lattices can be carried or mapped into themselves by the lattice 
translations T and by various other symmetry operations. A typical symmetry 
operation is that of rotation about an axis that passes through a lattice point. 
Lattices can be found such that one-, two-, three-, four-, and sixfold rotation 
axes carry the lattice into itself, corresponding to rotations by 2^r, W2, 
2tt/4, and 2tt/6 radians and by integral multiples of these rotations. The rotation 
axes are denoted by the symbols I, 2, 3, 4, and 6. 

We cannot find a lattice that goes into itself under other rotations, such as 
by 2tt/7 radians or 2tt/5 radians. A Single molecule properly designed can have 
anv degree of rotational symmetry, but an infinite periodic lattice cannot. We 
can make a crystal from molecules that individually have a fivefold rotation axis, 
but we should not expect the lattice to have a fivefold rotation axis. In Fig. 7 we 
show what happens if we try to construct a periodic lattice having fivefold 
symmetry: the pentagons do not fit together to fill all space, showing that 
wc cannot combine fivefold point, symmetry with the required translational 
periodicity. 

By lattice point group we mean the collection of symmetry operations 
which, applied about a lattice point, carry the lattice into itself. The possible 
rotations have been listed. We can have mirror reflections in about a plane 
through a lattice point- The inversion operation is composed of a rotation of tt 
followed by reflection in a plane normal to the rotation axis; the total effect is to 
replace r by -r. The symmetry axes and symmetry planes of a cube arc shown 
in Fig. 8. 

Ttoo -Dimensional Lattice Types 

There is an unlimited number of possible lattices because there is no natu- 
ral restriction on the lengths of the lattice translation vectors or on the angle <p 
between them. The lattice in Fig. Sa was drawn for arbitrary a, and a*. A 
general lattice such as this is known as an oblique lattice and is invariant only 
under rotation of and 2tt about any lattice point. 




Figure 7 A iivefnld axis of symmetry can- 
not exirf in a periodic lattice because it i, 
not possible to Gil the * rca of a plan* with a 
Connected array of pentagons. We can huw- 
7 cr ' fiU 111 are * of a plane with just two 
disbnet designs of "tiles" or elementary 
polygons. A quasicrystal a c,.. Aperiodic 
nonranuom assembly of two types of figures 
Quasiciystak are discussed at the end of 
Chapter 2. 




But special lattice, of the oblique type can be invariant under rotation of 
2W3 2^ Tor or ooder mirror reflection. We must impose restr.ct.ve 

lo^Zt'ol a! and a, if we want to construct a latt.ce that wi U b< „»*~t 
under one or more of these new operations. There are. four d«tmct type* 
" s Lion and each leads to what we may call a special latt.ce type. Thus the., 
are fiv^tinct lattice types in two dimensions, the oblique 

• i KfH^, <h«wn in Fie 9. Bvavais lattice is the common phrase tor a 

dimensions. 

r>tree-D«TTieres^naZ Lattice Types 

Tlie point symmetry groups in three dimensions require the 14 different 
lattice fisted in Table J . The general lattice is triclinic and there are 3 
Utt.ee types convenience into systems classified ac- 
Z£^£J^™^ ^ - tricUnie monoolinie, orthorhombic 
e ragonal, cubic, trigonal, and hexagonal The division .nto sy~ s w 
nrcssed in the table in terms of the axial relations that descr.be the cells. 
P The cells in Fig. 10 are conventional cells; ofthc.se only the sc ,S a pnmi- 
tive lell a .^primitive cell has a more obvious relation with the point 

symmetry operations than has a primitive cell. 





Table I The 14 lattice types 


in three dimensions 


System 


Number 

of 
lattices 


Restrictions on 
conventional cell 
axes and angles 


Triclinic 


1 


a ¥■ p * y 


Monoclinic 


2 


a i ¥■ <2 2 ^ ^3 

a ^ y ci 90° ^ /3 


Orthorhumbic 


4 


a = ^ = T ^yO° 


Tetragonal 


2 


a = 0 = y - 90' 


Cubic 


n 


a i ~ «z -"• <*3 

tt = /3 - y = 90° 


Trigonal 


l 


ai = flo = 


Hexagonal 


i 


/ll — fl? T 6 <2.3 

« = 0 = 90° 



y = 120° 



Tabic 2 Characteristics of cubic latticed 



Volume conventional ctell 

Lattice points per cell 

Volume, primitive: ceu 

Lulticc points per unit volume 
Number or nearest neighbors" 
Nearest-vieigWbdr distance 
Number oi" -second neighbors 
Second neighbor distance 
backing faction ' 



Simple 



Bodv-centereCl 



fl 3 




I. 


9 


a* 


la* 




2/u 3 


6 


8 


a 


3 l/2 a/2 - 


12 


6 


2 ,/2 <i 


a 






-0.524 


= 0.680 



Face -centered 



3.2 

6 

a 
i 



= 0.740 
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W jth bard spheres- 

»«lon«.*r" I *» fi ^™ definition =»- on. 
ice cell contains iour lattice points 

coordinates *. ?/, - Here eacn wou corner of 

sr^rr sss^^^s^ «■ «. - *. - 

rhombus with an included angle of .120 f igurc 
rhombic cell to a hexagonal prism. 

INDEX SYSTEM FOR CRYSTAL PLANES 

ST^^i w £2E* » -i- » f - - 

terms of the lattice constants oi, « 2 . «».- 
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Figure U Body-centered cubic lattice. sho 



primitive cell. The p rinlitivc ^Usho^Tis a'rCnbo- 
hedron . or edge t V3 a, and the a „ K | e bctween a£ ,. 
cent edges is 109°2S'. J 




Figure 12 Primitive translation v«cto„ „£ the body-cen- 
tered cnb.c lattice: these v CC to, s connect the lattice point 

I"'" P ° intS Rt tllc ^ centers The 
prim.hve cell i S obtained on completing the rhnmbohe- 

ZZr, tl>e C " b<: Cd?e ° the P rimi « v <= l-nsUtion 

vectors are 

«. = i«(S + y-z) j s 2 = la(~x + y + . 
«J = f<l(i - y + 2) . 



connect thlutl pn "" hvG translation vectors »„ a,. a3 

<=«terv. As drawn, the primitive vector* arc . 

isKsr 1 « 8 °-- ««*■ 




Figure 14 Re)<^on of the primitive cell 
in the hexagonal system (heavy lines) to 
a pi-ism Of hexagonal Symmetry. Here 
0 1 = n a ?± a*. 
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Figure J!S This plane intercepts the jn t , a. 2 , a 3 axes at 3a t) 2a 2 . 2a.. The 
reciprocals of these numbers are 4, *, J. The smallest three integers having 
the same ratio are 2, 3, 3, and thus the indices of the ptoue are (233). 



liJ! 
i 1, 



However, it turns out to be more useful for structure analysis to specify the 
orientation of a plane by the indices determined by the following rules 
(Fig. 15). 

- Find the intercepts on the axes in terms of the lattice constants a u a 2 , «z- The 
axes may be those of a primitive or nonprimitive cell, 

• Take the reciprocals of these numbers and then reduce to three integers 
having the same ratio, usually the smallest three integers. The result, en- 
closed in parentheses (hkl), is called the index of the plane- 

For the plane whose intercepts arc 4, 1, 2, the reciprocals arc 1, and J; 
the smallest three integers having the same ratio are (142). For an intercept at 
infinity, the corresponding index is zero. The indices of some important planes 
in a cubic crystal are illustrated by Fig- 16. 

The indices (hkl) may denote a single plane or a set of parallel planes. If a 
plane cuts an axis on the negative side of the origin, the corresponding index is 
negative, indicated by placing a minus sign above the index: {hkl). The cube 
faces of a cubic crystal are (100), (010), (001), (J.OO), (010), and (001). Planes 
equivalent by symmetry may be denoted by curly brackets (braces) around 
indices; the set of cube faces is {100}. When we speak of the (200) plane we 
mean a plane parallel to (100) but cutting the a, axis at {a. 

The indices [uvw] of a direction in a crystal are the set of the smallest 
integers that have the ratio of the components of a vector in the desired direc- 
tion, referred to the axes. The a, axis is the [100] direction; the -3 2 axis is the 




-systems. n0t ^eraJly true in otihcr crystal 



SIMPLE CRYSTAL STRUCTURES 

«ructures ' heX *« on * 1 «*»«-P«ol««l, diamond, and cubic zinc sulfide 

Sodium Chloride Structure 

grated by on ^ ~ b »- ' « "»» »f « f «»• N, ».„.„ one CI «„ m 



I 



■I 



ii 

r 



m 
m 




16 





Figure 17 Wc may construct the sodiv»m chloride crys- 
tal structure by arranging Nh + and Cl~ ions alternately 
at Ui e lattice points of a simple cubic lattice. In the crys- 
tal each ion is surrounded by six nearest neighbors of the 
opposite charge. The spite* lattice is foe, and the basis 
has one Cl ~ ion at 000 and one Na ' ion at *U . The figure 
show? one conventional cubic cell. The ionic diameters 
here arc reduced hi relation to the cell in order to clarify 
the spatial arrangement. 



Figure IS Model of sodium chloride. The sodium ions 
are smaller than the chlorine ions. (Courtesy of* A. N. 
Holden and P. Sintfcr,) 





Figure 20 The cesium chloride crystal struc- 
ture. Hie space lattice is simple cubic, and the 
Figure 19 Natural crystals of lead sulfide, PbS. which lias the basis h:w one Cs* ion at 000 and one Cl" ion at 
NaCl crystal structure. (Photograph by B. Burleson,) hil- 



Crystal Structure 



The cuh, !, g 1 arran e eme "t delude those in the following table 

The cube edge a given in angstroms; J A - 10- cm = m _ f , „„■ 




mJZFI£t» J Ph ° t0 ? raph °/ CryStals of ,ead (PbS) from Joplin, 

Missouri. The Jophn specimens form in beautiful cubes. 

Cesium Chloride Structure 

The cesium chloride structure is shown in Fig. 20. There is one molecule 

Ui of the simple cubic space lattice. Each atom may be v.ewed as at the center 
of a cube of atoms of the opposite kind, so that the number of nearest nltbor 
or coordination number is eight. nugnoors 




Hexagonal Close-packed Structure (hep) 

re«r„i? 1Cre ar< lu an infinUe nUmbCr 0f WaVS Of ^ranging identical sphero., i„ u 

SS^S The V? T;, ' DOtI r " heXag0nal ^ructure 

Lh s?i t r ^r s ^r; t0tal , 0,umc occupied by 4,16 spheres is °- 74 f - 

Snh„ structure, regular or not, has denser packing. 

of an fc m \ , oth ers. This layer may serve as either the basal plane 

^ ST °\ (111) 1 Pl T ° f thC fcc structure. A second simmer 

obtain riw.fr 1 S ' th,rd Jayer C n,a V be 1(1416(1 two w ayi We 

in fat t t: r 7C; ^ ^ SPhere 7, f *' thifd ^ « 3dded — ^ hole! 
the spheres in thl^T. 5* *" W * ° bUin * e h *P ^e„ 

in the layer ^ PU * d <Wly ° VCr the Centers of the s P^res 




®iim&*' ^mm? 

Figure 21 A cW.-packed layer of spheres is showi), with centers at points marW A. A second and 
kltniticsl laver of spheres can be placed on top of thi-S above and parallel to the plane oi the 
drawing, with centers over the points marked B. There are two choices for a third layer. It can go 
in over A or over C Jf it tfoes in over A the sequence 15 ABABAB. . . and the structure is hexafional 
elosc-pacVed. If the third layer goes in over C the sequence i* ABC ABC ABC . . and the structure 
is face-centered cubic. 





Figure 22 The hexagonal close : packed struc- 
ture. The atom positions in this structure do 
not constitute a space lattice. The space lattice 
is simple hexagonal with a basis of two Identi- 
cal atom* associated with each lattice point. 
The lattice parameters a and c are indicated, 
where a is in the basal plane ar«d c is the mafi- 
nitude of the axis a* of Fig. 14. 



figure £3 The primitive cell has fl, — fl c . 
>vith an included anj^c of .120°. The c axis (or 
a,) is norma) to the plane of a, and a 2 - The 
idral hep structure has c ~ J 633 a. The two 
atom* of one basis are shown OS solid circles. 
One atom of the basis is at the origin; the 
other atom is at si>-. which means at the posi- 
tion r - ijaj + + i«.v 



The hep structure has the primitive cell of the hexagonal lattice, but with a 
basis of two atoms (Fig. 23). The fee primitive cell has a basis of one atom 
(Fig. 13). 

The ratio da (or a^lai) for hexagonal closest-packing of spheres has the 
value (S) 1 ' 2 = 1-633, as in Problem 3. It is usual to refer to crystals as hep even if 
the actual cla ratio departs somewhat from this theoretical value. 

The number of nearest-neighbor atoms is 12 for both hep and fee struc- 
tures. If the binding energy (or free energy) depended only on the number of 
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